A method is presented for input torque shaping for three-dimensional slew maneuvers of a precision pointing flexible spacecraft. The method determines the torque profiles for fixed-time, restto-rest maneuvers which minimize a specified performance index. Spacecraft dynamics are formulated in such a manner that the rigid body and flexible motions are decoupled. Furthermore, assembly of the equations of motion is simplified by making use of finite element analysis results. Input torque profiles are determined by solving an associated optimization problem using dynamic programming. Three example problems are provided to demonstrate the application of the method.
Introduction
The precision pointing of imaging satellites for nonproliferation has become an area of current interest. Imaging of ground targets for such applications leads to pointing accuracy requirements on the order of microradians. There are many contributors to pointing angle error, but vibrational disturbances caused by flexible, solar array support structures are potentially a major problem. In order to alleviate this problem, input shaping has been proposed to help minimize the residual vibration of the solar arrays after a threedimensional (3-D) slew maneuver. [l] . The purpose of this paper is to present a method that applies to a wide range of spacecraft models. A key element of the approach is to express flexible motions in terms of the free-free mode shapes of the spacecraft. By doing so, the equations of motion can be easily assembled using the results of a finite element analysis.
Three example problems dealing with a simple spacecraft model are provided. The model consists of a rigid bus with two attached beams to model the effects of flexible solar panels. The effect of misalignment of the principal mass axes and the principal planes for bending is investigated. The results display interesting symmetries previously observed for planar maneuvers [2] .
Equations of Motion
In this section, we develop equations of motion for flexible spacecraft subject to applied forces and moments. Flexible deformations are assumed to be small relative to the overall length of the spacecraft. The angular velocity magnitude for overall rigid body motion is also assumed to be small relative to the lowest structural natural frequency. Under these assumptions, the governing equations for rigid body and flexible motions can be decoupled. Furthermore, the equations can be assembled in a straightforward manner which makes use of finite element analysis results.
The spacecraft is idealized as a system of interconnected particles each of mass mi (i = A , respectively. The angular velocity vector of B in A is denoted by W . The position vector from the origin, 0, of B to the the i'th particle when the system is undeformed is denoted by ri. The displacement vector, ui, of the i'th particle from its undeformed position is assumed to be a function of generalized coordinates q l , . . . , qn. The notational convention is adopted herein that for any vector, v, one has v k E v . bk for k = 1 , 2 , 3 .
The position of 0 and the orientation of B in A depend on the particular choice of the floating frame. For the purposes of this paper, it is convenient to use the so-called Buckens frame [3] . This frame is defined by the constraint equations The constraints given by Eqs. (1) and (2) are easily accommodated by the finite element method. Moreover, the non rigid body, free-free modes of a structure automatically satisfy these conditions. This fact allows us to describe flexible motions in terms of the free-free mode shapes calculated from a finite element analysis.
where vi denotes the velocity of the i'th particle in A . The system kinetic energy, T , is defined as Using a basic kinematical relationship, one obtains where vo is the velocity of 0 in A and (') denotes the time derivative in B.
The angular momentum principle states the the time derivative of H in A is equal to the net moment, M, acting on the system about 0. Thus, In summary, the equations of motion governing the rigid body and flexible motions are given by Eqs. (7) and (20), respectively. All of the coefficients appearing in these equations can be obtained in a straightforward manner from a finite element analysis of the spacecraft. We also note that these equations continue to hold when concentrated moments and rotational inertias are included in the development.
The orientation of B in A is governed by the kine- The example problems deal with rest-to-rest maneuvers whereby the spacecraft is slewed from an initial orientation defiined by €1 = €2 = € 3 = 0, e4 = 1 to a final orientation defined by ek = €kf for k = 1, . . . Since closed form solutions to Eqs. (21-24) do not exist in general, it is necessary to make use of numerical procedures to solve the optimal control problem. In this paper we utilize a dynamic programming algorithm recently applied to trajectory planning problems in robotics [SI. The salient features of the algorithm are:
1. Quadratic convergence nearby the solution. 2. Inequality constraints for inputs accounted 3. Equality constraints for states imposed us-
4.
Optimality conditions determined from def-
.
Order N n p storage required for each itera-6 . Order N n 3 operations required for each it-
In the above description, n is the number of states, p the number of inputs, and N the number of time steps used to discretize the problem.
Values for the dimensionless parameters used in the examples are provided in Table 1 . Two antisymmetric bending modes are retained in the assumed displacement expansion (see Eq. (9)). For this simple model, these are the only tbo modes excited by the applied moments. The free-free mode shapes for the examples are mass matrix normalized and were calculated using the commercial finite element code MSC/NASTRAN. Results presented in Figures 3-5 are plotted as functions of the dimensionless time variable 7 = t/T.
The generalized coordinates q1 and q2 are associated with deformation nominally in the first and second principal planes of bending, respectively.
The first example is concerned with a maneuver where reorientation of the spacecraft can be accomplished simply by slewing about the 2-axis of for exactly.
ing a quadratic penalty function.
initeness of p by p matrices.
tion. We note that it is still possible to achieve the rest-
